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F
APPENDIX F Generalized Coordinates

F.1 Navier-Stokes Equations in Cartesian Coordinates

The compressible three-dimensional Navier-Stokes equations, excluding body forces
and external heat sources, in Cartesian coordinates are

(F-1)

where

(F-2)

(F-3)

(F-4)

∂Q
∂t
------- ∂f

∂x
------ ∂g

∂y
------ ∂h

∂z
------+ + + 0=

Q

ρ
ρu

ρv

ρw

e

=

f

ρu

ρu
2

p τxx–+

ρuv τxy–

ρuw τxz–

e p+( )u uτxx– vτxy– wτxz– qx+

=

g

ρv

ρuv τxy–

ρv
2

p τyy–+

ρvw τyz–

e p+( )v uτxy– vτyy– wτyz– qy+

=



APPENDIX F Generalized Coordinates

256 CFL3D User’s Manual

(F-5)

and
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The pressure is defined by the equation of state for an ideal gas:

(F-12)

F.2 Transformation to Generalized Coordinates

Now apply the generalized coordinate transformation
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(F-14)

where , , , , , , , , , , ,  are the metrics.

F.2.1Obtaining the Metrics

The metrics are determined as follows. (For a description of the geometrical evaluation
of the metrics, see “Geometrical Evaluation of the Metrics” on page263.) The derivatives
of the generalized coordinates can be written

(F-15)

or, in matrix form (noting that  and ),

(F-16)

Similarly, the derivatives of the Cartesian coordinates can be written
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(F-18)

To determine the inverse matrix represented on the right-hand side of Equation (F-18),
first the cofactor matrix is found to be:

(F-19)

where

(F-20)

The transpose of the cofactor matrix (i.e. the adjoint matrix) is

(F-21)

The determinant of the inverse matrix represented on the right-hand side of Equation (F-
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(F-23)

Therefore,
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Note that . Now, from the property of an invertible matrix ,

(F-25)

let

(F-26)

It follows from Equation (F-18) that

(F-27)

Therefore, the metrics are

J
∂ ξ η ζ t, , ,( )
∂ x y z t, , ,( )
----------------------------

ξx ξy ξz ξt

ηx ηy ηz ηt

ζx ζy ζz ζt

0 0 0 1

= =

1
J
--- ∂ x y z t, , ,( )

∂ ξ η ζ t, , ,( )
----------------------------

xξ xη xζ xt

yξ yη yζ yt

zξ zη zζ zt

0 0 0 1

= =

CF44 1 J⁄= D

D 1– 1
det D( )
-----------------adj D( )=

D

xξ xη xζ xt

yξ yη yζ yt

zξ zη zζ zt

0 0 0 1

=

D 1–

ξx ξy ξz ξt

ηx ηy ηz ηt

ζx ζy ζz ζt

0 0 0 1

J

yηzζ yζzη–( ) xηzζ xζzη–( )– xηyζ xζyη–( ) CF41

yξzζ yζzξ–( )– xξzζ xζzξ–( ) xξyζ xζyξ–( )– CF42

yξzη yηzξ–( ) xξzη xηzξ–( )– xξyη xηyξ–( ) CF43

0 0 0
1
J
---

= =



APPENDIX F Generalized Coordinates

260 CFL3D User’s Manual

(F-28)

F.2.2Applying the Transformation

Now, to apply the transformation to the Navier-Stokes equations represented in Equa-
tion (F-1), substitute Equation (F-14) into Equation (F-1) and multiply by:
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(F-32)

Regrouping,
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Consider the fifth major term in Equation (F-33):
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(F-35)

When summed, the expression in the second major term in Equation (F-35) can be written

(F-36)
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Equation (F-38) can be written compactly using indicial notation as
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F.3 Navier-Stokes Equation in Generalized Coordinates

Now, let

(F-40)

Combining the other terms in a similar manner and letting , ,

, , , , , Equation (F-35) can

be written
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The terms are as shown in AppendixA, Equations (A-3) through (A-14).

F.4 Geometrical Evaluation of the Metrics

By analogy with the integral form of the equations, a geometrical interpretation of the
metric terms can be made. The vector  is the directed area of the cell interface nor-
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∂Q̂
∂t
-------

∂ F̂ F̂v–( )
∂ξ

-----------------------
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ming the volumes of the six pentahedra forming the hexagonal cell. Each pentahedron is
defined by one of the six cell faces and the average point in the volume. The net effect is
that the difference equations are satisfied identically when evaluated at free-stream condi-
tions on arbitrary meshes.

In the code, the metric arrays are set up as follows using the  direction as an example.

si(j,k,i,1) = =  component of unit normal to face

si(j,k,i,2) = =  component of unit normal to face

si(j,k,i,3) = =  component of unit normal to face

si(j,k,i,4) = =  face area

si(j,k,i,5) = =  face normal velocity

Figure F-1. Directed area schematic.
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